Folate-mediated one-carbon metabolism (FOCM) is associated with risk for numerous pathological states including birth defects, cancers, and chronic diseases. Although the enzymes that constitute the biological pathways have been well described and their interdependency through the shared use of folate cofactors appreciated, the biological mechanisms underlying disease etiologies remain elusive. The FOCM network is highly sensitive to nutritional status of several B-vitamins and numerous penetrant gene variants that alter network outputs, but current computational approaches do not fully capture the dynamics and stochastic noise of the system. Combining the stochastic approach with a rule-based representation will help model the intrinsic noise displayed by FOCM, address the limited flexibility of standard simulation methods for coarse-graining the FOCM-associated biochemical processes, and manage the combinatorial complexity emerging from reactions within FOCM that would otherwise be intractable.
INTRODUCTION

S
ystems biology aims to develop a systemlevel description and understanding of biological phenomena. [1] [2] [3] Advances in software and computational power, coupled with the availability of highthroughput data, have stimulated the application of simulation-based approaches that describe and predict the function and dynamics of biological systems, as well as their relationship to human physiology and pathophysiology (i.e., computational systems biology). 1 Folate-mediated one-carbon metabolism (FOCM) has been an attractive network for systems modeling because: (1) the enzymes that constitute the biological pathways have been well described; (2) the metabolic pathways are interrelated through their shared use of folate cofactors, and therefore computational approaches enable detailed understand of the FOCM network and the interconnectedness of its pathways; (3) the FOCM network is highly sensitive to nutritional status of several vitamins (folate and vitamins B 12 , B 6 , and B 2 ) and numerous penetrant gene variants that alter network outputs; and (4) numerous pathological states with unknown etiologies are associated with perturbations in this network. Although considerable research has elucidated biochemical details of FOCM, most studies have focused primarily on single reactions or pathways in isolation, failing to capture the overall functioning of the system. Mathematical modeling has proven to be a powerful tool for filling this gap. However, this approach can be limited by incomplete knowledge of the system that can impair its realistic description, and by drawbacks related to the coherence of the data used in the model, an issue that can affect the reliability of outcomes and predictions. These uncertainties include cell-type specific variations as well as the effect of multienzyme complex formation, referred to as metabolons, on substrate stability, metabolite channeling, and the regulation of pathway fluxes and efficiency within the FOCM network. Moreover, the almost exclusive use of a deterministic approach in modeling FOCM cannot capture the stochastic noise of the biological system. 4 In this review, we highlight the major challenges to constructing models, using FOCM as an illustrative example.
OVERVIEW OF FOCM
Folate-mediated FOCM functions in the cytoplasm, mitochondria, and nucleus ( Figure 1 ). In the cytoplasm, FOCM has been modeled as a network of three interdependent pathways involved in the de novo synthesis of purine nucleotides and thymidylate (dTMP), as well as the remethylation of homocysteine (HCY) to methionine (MET). The MET is an essential amino acid and is required for the initiation of protein synthesis. It can also be converted to S-adenosylmethionine (SAM), which functions as an intermediate for polyamine synthesis as well as a cofactor and methyl group donor for over 50 methylation reactions. 5 These reactions include the methylation of chromatin (CpG islands in DNA and histone proteins), RNA, phospholipids, neurotransmitters and other small molecules, phosphatidylcholine, and numerous proteins. The products of these SAM-dependent methylations are involved in the regulation of fundamental biological processes including transcription, translation, FIGURE 1 | Compartmentation of folate-mediated one-carbon metabolism (FOCM) in the cytoplasm, mitochondrion, and nucleus. FOCM in the cytoplasm is required for the de novo synthesis of purines and thymidylate (dTMP), and for the remethylation of homocysteine to methionine. FOCM in the nucleus synthesizes dTMP from deoxyuridylate (dUMP) and serine. FOCM in mitochondrion is required to generate formate for FOCM in the cytoplasm, to generate and/or catabolize the amino acid glycine, and to synthesize dTMP. Enzyme abbreviations: AICAR Tfase, phosphoribosylaminoimidazolecarboxamide formyltransferase; CHF, 5,10-methenyltetrahydrofolate; DHFR, dihydrofolate reductase; GAR Tfase, phosphoribosylglycinamide formyltransferase; GCS, glycine cleavage system; 5-mTHF, 5-methyltetrahydrofolate; MTHFD, methylenetetrahydrofolate dehydrogenase which may contain up to three enzymatic activities depending on the specific isozyme (see Figure 4 ): methenyltetrahydrofolate cyclohydrolase, 10-formyltetrahydrofolate synthetase and methylenetetrahydrofolate dehydrogenase activities; MTHFR, methylenetetrahydrofolate reductase; MTR, methionine synthase; SAH, S-adenosylhomocysteine; SAM, S-adenosylmethionine; SHMT, serine hydroxymethyltransferase; THF, tetrahydrofolate; TYMS, thymidylate synthase; 10-fTHF, 10-formyltetrahydrofolate.
signaling, 6 protein localization, 7 and metabolism. 8 In the nucleus, folate cofactors are required for the synthesis of dTMP 9 and may participate in KDM1-catalyzed histone demethylation. 10 In mitochondria, formate is generated from the catabolism of the amino acids serine, glycine, sarcosine, and dimethylglycine. Mitochondrially-derived formate is the primary source of one-carbons for nuclear and cytoplasmic FOCM, 11 although folate-activated one-carbons can be derived in the cytoplasm from the catabolism of histidine, purines, and serine ( Figure 1 ). 5 
PATHWAYS AND THEIR SUBCELLULAR LOCALIZATION FOCM in the Cytoplasm and Nucleus
The enzymes that constitute three folate-dependent biosynthestic pathways of de novo purine biosynthesis, de novo dTMP biosynthesis, and HCY remethylation have been described as an interconnected FOCM network. 5, 11, 12 These enzymes are present in the cytoplasm and are assumed to compete for a limiting pool of folate cofactors within the network, as the concentration of folate enzymes exceeds intracellular folate levels. 5, 13 However, more recent studies have demonstrated the formation of multienzyme complexes by enzymes that constitute individual FOCM pathways and undergo dynamic physical compartmentation away from other folate-dependent enzymes. 14 Complex formation may be required for pathway function.
14 Furthermore, the formation of multienzyme complexes and their physical compartmentation exhibit cell-cycle dependence, indicating that pathways within the network may be both spatially and temporally isolated from each other. 15, 16 These newer studies call into question an equilibrium model whereby individual pathways are tightly interconnected through direct competition for a limiting pool of folate cofactors. The dynamic assembly of FOCM pathways into compartmentalized metabolic complexes adds additional dimensions and complexity to regulation of these pathways, including the necessity to regulate the trafficking of folate cofactors among compartmentalized pathways and within multienzyme complexes.
14
Purine Biosynthesis
Folate-dependent de novo purine nucleotide biosynthesis involves a 10-step pathway ( Figure 2 ). Two of these reactions are dependent on the folate cofactors IMPCH FIGURE 2 | De novo purine nucleotide biosynthesis is a 10-step pathway in the cytoplasm that functions as a multienzyme complex referred to as a purinosome. Reactions 3 and 9 require 10-formyltetrahydrofolate as a cofactor. Enzyme abbreviations: AICAR Tfase, phosphoribosylaminoimidazole carboxamide formyltransferase; AIRS, aminoimidazole ribonucleotide synthetase; ASL, adenylosuccinate lyase; CAIRS, carboxyaminoimidazole ribonucleotide synthase; FGAMS, phosphoribosylformylglycinamidine synthase; GARS, glycinamide ribonucleotide synthetase; GAR Tfase, phosphoribosylglycinamide formyltransferase; HPRT, hypoxanthine phosphoribosyl transferase; IMPCH, IMP cyclohydrolase; PPAT, PRPP amidotransferase; SAICARS, succinylaminoimidazolecarboxamide ribonucleotide synthetase.
10-formylTHF, which donate the #2 and #8 carbon to the purine ring in reactions catalyzed by glycinamide ribonucleotide transformylase (GAR Tfase) and aminoimidazolecarboxamide ribonucleotide transformylase (AICAR Tfase), respectively. 17 The 10 reactions are catalyzed by six proteins that form a multienzyme complex, or metabolon, in the cytoplasm that is referred to as the purinosome (Figure 1) . 17 The formation of the purinosome is dynamic: it disassembles when exposed to exogenous sources of purines nucleosides or casein kinase II (CK2) inhibitors. 18 Moreover, the complex is present only during G1, indicating that de novo purine biosynthesis is cell cycle-dependent. 16 Although it has not been definitively established if de novo purine nucleotide biosynthesis is completely dependent on the formation of the purinosome, the essentiality of complex formation for pathway function is consistent with established knowledge of the regulation of the folate-dependent de novo pathway by the folate-independent salvage pathway.
19 Therefore, de novo purine biosynthesis may not be as tightly connected to other pathways in the FOCM metabolic network as previously thought, as it exhibits both physical and temporal isolation from the other folate-dependent pathways.
dTMP Biosynthesis
Folate-dependent de novo dTMP synthesis involves the methylation of deoxyuridylate (dUMP) catalyzed by enzymes thymidylate synthase (TYMS), dihydrofolate reductase (DHFR), two serine hydoxymethyltransferase isozymes (SHMT1 and SHMT2α), 20 and trifunctional enzyme methyleneTHF dehydrogenase (MTHFD1). 5,10-MethyleneTHF is the required onecarbon donor for the TYMS-catalyzed conversion of dUMP to dTMP and DHF; in this reaction 5,10-methyleneTHF serves as both a one-carbon donor and source of reducing equivalents. 5 THF is regenerated from DHF through the activity of the NADPHdependent enzyme DHFR, and the pathway is completed by the generation of 5,10-methyleneTHF from THF, a reaction catalyzed by the enzyme serine hydoxymethyltransferase (SHMT1 and SHMT2α). Stable isotope tracer studies indicate that the onecarbon of 5,10-methyleneTHF is derived either from formate, ATP, NADPH, and THF through the three enzymatic activities of MTHFD1 or, alternatively, from serine through the vitamin B 6 -dependent activity of SHMT, which catalyzes the transfer of the hydroxymethyl group of serine to THF to generate glycine and 5,10-methyleneTHF ( Figure 1) . 9, 21 The de novo dTMP biosynthesis is known to be cell cycle regulated, 22 but the mechanisms have only been recently understood. 15 SHMT, DHFR, and TYMS are present in the cytoplasm, but not in the nucleus at G1. At the transition to S-phase, 23 or as a result of UV exposure, 24 a significant percentage of these enzymes undergo modification by the small ubiquitin modifier (SUMO), which enables their translocation to the nucleus where they form a multienzyme complex and synthesize dTMP from dUMP at the replication fork.
9 MTHFD1 is also translocated to the nucleus at G 1 .
9 Both SHMT and MTHFD1 contribute onecarbons for dTMP synthesis in the nucleus, but tracer studies indicate that MTHFD1 is the primary source of 5,10-methyleneTHF for dTMP synthesis. 21 SHMT plays an essential, noncatalytic role as a scaffold protein that enables assembly of the enzymes involved in the dTMP synthesis pathway at the replication fork. 9 Nuclear localization of the dTMP synthesis pathway is essential to prevent uracil incorporation into nuclear DNA, but it is not clear if de novo dTMP synthesis occurs exclusively in the nucleus or if there is residual activity in the cytoplasm. 25 Nonetheless, it is apparent that de novo purine and de novo dTMP biosynthesis do not directly compete within the one-carbon metabolic network as they function in different subcellular compartments and during different stages of the cell cycle.
HCY Remethylation
The remethylation of HCY to MET is catalyzed by the folate-and vitamin B 12 -dependent enzyme methionine synthase (MTR). The one-carbon donor of the reaction is 5-methylTHF (5mTHF), which is generated by the reduction of 5,10-methyleneTHF in an NADPH-dependent reaction catalyzed by methyleneTHF dehydrogenase (MTHFR; Figure 1 ). Formate is the primary source of one-carbons for MET synthesis. 12 This is the only FOCM biosynthetic pathway that has not been reported to form a multienzyme complex or show cell-cycle dependence, but requires the activities of MTHFD1, MTHFR, and MTR to convert formate and HCY to MET. 
CH2F
Other folate interconverting and binding enzymes
The cytoplasm also contains enzymes that intercovert the formyl folate forms and may function to balance the distribution of the one-carbon forms of folate (Figure 3 ). 10-FormylTHF dehydrogenase (FDH) catalyzes the removal of the formyl group from 10-formylTHF to generate THF and CO 2 . SHMT and methenylTHF synthetase (MTHFS) constitute a futile cycle that interconverts 5-formylTHF and 10-formylTHF. 5-FormylTHF is not a cofactor (onecarbon donor) but rather serves as a storage form of THF and is an inhibitor of folate-dependent enzymes. 27, 28 There are many enzymes that bind tightly but do not metabolize folate cofactors, such as MTHFS with 10-formylTHF, SHMT with 5-formylTHF, FDH with THF and glycine-N-methyltransferase (GNMT), an enzyme that catalyzes the SAMdependent methylation of glycine to sarcosine, with 5mTHF. In all cases, the bound folate inhibits the activity of these proteins. However, these folate tight-binding proteins may serve other functions, including sequestering folate to regulate flux through the pathways and/or traffic folate cofactors among the folate-dependent pathways.
14
FOCM in Mitochondria
The FOCM in mitochondria functions to generate formate for cytoplasmic one-carbon metabolism from the catabolism of the amino acids serine, glycine, dimethylglycine, and sarcosine; to synthesize glycine from serine; to generate fMet-tRNA for mitochondrial protein synthesis initiation; and to conduct de novo dTMP synthesis from dUMP ( Figure 1) . 11, 29 Formate synthesized in mitochondria is subsequently transported to the cytoplasm and nucleus. Unlike nuclear de novo dTMP synthesis which is cell cycle regulated, 15 de novo dTMP synthesis in mitochondria and mitochondrial DNA replication is neither linked to cell cycle nor nuclear DNA replication, and occurs in both proliferating and nonproliferating cells. 30 The potential sources of one-carbons generated in mitochondria in the form of formate differ among cell types. With the exception of red blood cells, all cells can convert serine to glycine and formate, whereas the generation of formate from glycine, sarcosine, and dimethylglycine is cell-type restricted and may be limited to liver, kidney, stem cells, and other undifferentiated cell types. All THFdependent catabolism of amino acids generates 5,10-methyleneTHF, which is oxidized to 10-formylTHF by the bifunctional enzymes MTHFD2 31, 32 and MTHFD2L.
33 MTHFD1L hydrolyzes 10-formylTHF to form THF and formate in an ATP-generating reaction. 12, 34 Formate exits the mitochondria by an unknown mechanism to the cytoplasm to support nucleotide biosynthesis and HCY remethylation ( Figure 1 ).
SUBCELLULAR DISTRIBUTION OF FOLATE COFACTORS
A few studies have examined the subcellular distribution of total folate and individual folate one-carbon forms. A study of isolated rat liver indicated that the nucleus contains about 10% of total cellular folate, 35 although the one-carbon distribution of folate cofactor forms has not been investigated. Nothing is known about the consequences of nuclear dTMP synthesis metabolon formation on: (1) transport, processing, and accumulation of folates into the nucleus; (2) the forms of folates localized in the nucleus, and (3) the regulation of dTMP biosynthesis by folate availability throughout the cell cycle.
14 To elucidate whether an active transport is required for accumulating folates into the nucleus, and investigate the possible role of SUMOylation, we represent some of the next challenges to understanding FOCM. Mitochondria constitute as much as 40% of total cellular folate, 35, 36 with 10-formylTHF as the major form. This indicates that the generation of formate from 10-formylTHF is the limiting step in mitochondrial FOCM. THF monoglutamates are transported into mitochondria by SLC25A32 37 and must be converted to THF polyglutamates to be retained within mitochondria; they form a distinct cofactor pool that is not in equilibrium with THF polyglutamates in the cytoplasm.
36
CHANNELING IN FOCM
Substrate channeling refers to the direct transfer of substrates and products between sequential enzymes in a pathway without complete mixing with the bulk solvent. 38 Channeling can confer unique properties to a metabolic pathway or network, including stabilization of labile metabolic intermediates, regulation of metabolite partitioning at branch points, driving of unfavorable equilibrium and kinetics associated with a particular enzyme, and acceleration of overall flux through a pathway. 39 Formation of a metabolon, a multienzyme complex involving enzyme components of a metabolic pathway, is generally considered necessary but not sufficient for metabolic channeling to occur. Channeling can be 'perfect', meaning that pathway intermediates are transferred directly between a donor and acceptor enzyme without its diffusion into the bulk phase, or can be 'leaky', in which case the donor and acceptor enzymes are located in close proximity to one another, allowing local concentrations of intermediates to accumulate with high probability that the acceptor enzyme will bind the metabolite generated by the donor. For an excellent review on this subject, see Spivey and Ovadi. 39 As detailed above, the enzymes involved in folate-dependent de novo purine and de novo dTMP biosynthesis form metabolons in the cytoplasm 16, 17 and nucleus, 20 respectively. Evidence for metabolic channeling of folate cofactors has been observed between active sites of multifunctional enzymes involved in FOCM, as well as between active sites of monofunctional enzymes that function sequentially in a pathway. Transfer of 5,10-methenylTHF between the active sites of the bifunctional methyleneTHF dehydrogenase/cyclohydrolase enzyme occurs with 50% efficiency when the enzyme reaction proceeds in the forward direction. This leaky channeling has been attributed to movement of the folate cofactor between two proximal and overlapping active sites that have different affinities for the methenylTHF cofactor that drives the channeling. 40 The bifunctional 5-amino-4-imidazolecarboxamide ribonucleotide transformylase/IMP cyclohydrolase (ATIC) enzyme, which sequentially catalyzes the final two steps in IMP biosynthesis, does not exhibit metabolic channeling between the two active sites ( Figure 2 ). However, the rate-limiting step in the transformylase reaction is the release of THF from the enzyme, 41 and this off rate could be enhanced by channeling the THF product to a donor tetrahydrofolatebinding protein within the purinosome, as has been observed for other folate-dependent enzymes. 42 Such kinetic enhancement has been demonstrated in vitro by the reconstitution of the folate-dependent formate to serine pathway, which involves two enzymes and four reactions catalyzed by the activities of SHMT and MTHFD1. In one study, the actual rate of the in vitro reconstituted pathway was shown to be five times faster than predicted from deterministic modeling based on the Michaelis-Menten kinetic parameters.
43
BIOMARKERS OF IMPAIRED FOCM
There are only a limited number of biomarkers that report on impairments in FOCM. There are no established biomarkers of impaired de novo purine biosynthesis. Z-nucleotides appear in the plasma when 10-formylTHF-dependent formylation of AICAR is incomplete, which occurs as a result of increased rates of de novo purine biosynthesis as observed in LeschNyhan syndrome, but this biomarker is likely not relevant for healthy populations. 44 An unfavorable dUTP/dTMP ratio can lead to uracil misincorporation and subsequent accumulation in DNA has been suggested to be a biomarker of impaired de novo dTMP biosynthesis. 45 Thymidine is unique from other deoxyribonucleotide precursors for DNA replication because its metabolic precursor, deoxyuridine nucleotides, can be incorporated into DNA during replication and repair. 45 Impairments in dTMP synthesis cause uracil accumulation in both nuclear and mitochondrial DNA by affecting the dUTP/dTTP ratio. [46] [47] [48] [49] Uracil content in DNA is not a specific biomarker of vitamin status, but is responsive to both folate 48 and vitamin B 12 status. 50 However, high levels of folic acid (5 mg/day) and vitamin B 12 (1.25 mg/day) supplementation has been shown to increase uracil DNA levels in the rectal mucosa, 51 and levels of uracil accumulation in DNA differ by tissue in mice, 52 raising concerns about the utility of this biomarker as both an indicator of vitamin status and de novo dTMP synthesis functionality.
There are several robust biomarkers for HCY remethylation function. These include plasma levels of SAM, HCY and S-adenosylhomocysteine (SAH).
21,53
However, these biomarkers are sensitive to both folate and vitamin B 12 levels as well as genetic variation. A common genetic variant in the MTHFR gene (677 C→T) encodes an enzyme that exhibits less MTHFR enzymatic activity due to thermolability of the enzyme, 54 resulting in lower 5mTHF pools, 55 lower cellular folate concentrations, 55 and elevated plasma total HCY. 56 Other biomarkers of HCY remethylation function include CpG DNA methylation levels and protein methylation (including histones), which affect gene expression and DNA stability. 55, [57] [58] [59] There are no established biomarkers that report on the activity of mitochondrial FOCM. Plasma formate levels may report on mitochondrial formate production 60 but its utility as a functional biomarker has not been extensively investigated. Impairment in de novo dTMP synthesis in mitochondria do result in elevated uracil levels in mitochondrial DNA, 29 but the utility of uracil in mitochondrial DNA as a robust biomarker of folate nutritional status or de novo dTMP synthesis has yet to be established. Impairment in folate-dependent glycine cleavage activity, as observed in patients with nonketotic hyperglycinemia, results in elevated glycine and HCY levels in cerebral spinal fluid, but these elevations are likely restricted to severe disruptions associated with that inborn error in metabolism.
61
DETERMINISTIC APPROACHES TO MODELING FOCM
Deterministic mathematical models of FOCM based on enzyme kinetics and regulatory mechanisms have been developed to describe the network and predict the impact of genetic and nutritional variation on network outputs.
62, 63 The deterministic approach relies on ordinary differential equations (ODEs, reaction rate equations) where metabolite concentrations are represented in terms of continuous variables. 64 These models represent well-defined sets of reactions, with system architecture determined during the phase of model construction (i.e., reactionbased models). [65] [66] [67] They aim to capture system behavior from reaction velocities, usually described in terms of Michaelis-Menten kinetics (parameters used in these equations take into account the affinities between enzymes and substrates).
The construction of a simulated model of metabolic pathways requires knowledge of the main actors involved (e.g., enzymes and metabolites), their patterns of interaction (e.g., metabolic reactions, inhibition, and activation processes), and their range of concentration. Also an explicit description concerning the spatial distribution of interactions (i.e., to know whether they occur in the nucleus, mitochondria, and/or cytoplasm), the mechanisms of transport and substrate channeling, and the formation of complexes (i.e., enzymes and metabolites composing the complex) further enhance the realism and predictive power of the model. System-level dynamics (e.g., metabolite concentration in a time series) emerge from the interplay between basic components of the system (i.e., reaction velocities), which have been modeled through ODEs. Adoption of a reaction-based approach requires complete knowledge of the system, well-grounded and testable hypotheses regarding the reactions and their elementary mechanism (i.e., mathematical equations describing the velocity for each reaction step), or availability of data describing time-courses of reactants in wet-lab experiments, in order to derive the metabolic model and infer admissible parameter sets. 68, 69 Therefore, the validity of the model depends on the completeness of existing knowledge, whereas its long-term utility depends on its adaptability in response to new knowledge. Current mathematical models describing the folate and MET metabolism 62,70,71 are deterministic. They simulate elementary reaction steps by means of ODEs 62, 63, 67, 72 founded on the reaction-based approach. Reaction velocities have been modeled assuming the underlying interactions are adherent to mass-action kinetics (monomolecular, bimolecular) or using higher-level approximations to the elementary interactions (e.g., Michaelis-Menten of first and second order for enzymatic reactions; Hill equation for cooperative binding). Below are several examples of reaction-based equations that have been built into existing models of FOCM and the underlying assumptions upon which the model is constructed.
Example 1: Modeling the Generation of Folate-Activated Formaldehyde as 5,10-MethyleneTHF
The 5,10-MethyleneTHF represents a key substrate in the process of HCY remethylation to MET, de novo synthesis of purine nucleotides and dTMP. It carries a one-carbon at the oxidation level of formaldehyde ( Figure 1 ) and can be generated reversibly through both spontaneous and enzyme-catalyzed reactions in the cytoplasm, nucleus, and mitochondria. In solution, 5,10-methyleneTHF exists in equilibrium with formaldehyde and THF. Through enzyme-mediated catalysis, 5,10-methyleneTHF forms reversibly from THF with amino acids serving as the one-carbon donors (serine, glycine, dimethylglycine, and sarcosine), or can be produced reversibly from THF, ATP, formate, and NADPH ( Figure 1 ). Michaelis--Menten equations of first and second order (one or two reactants, respectively) are the most extensively used functions for modeling enzymatic reactions in FOCM 65, 67, 71 including the generation of 5,10-methyleneTHF by SHMT, dimethylglycine dehydrogenase (DMGD), sarcosine dehydrogenase (SDH), glycine decarboxylase complex (GDC) or MTHFD1. MTHFD1 and SHMT are the two primary enzymes responsible for generating folate-activated one-carbons for purine, dTMP, and HCY remethylation to MET. 5, 11 MTHFD1 activity produces 5,10-methyleneTHF from formate, ATP, and NADPH through a three-step pathway ( Figure 1) ; the conversion of THF and formate into 10-formylTHF is described by a second-order Michaelis-Menten function, whereas the subsequent reaction velocities are modeled as first-order Michaelis-Menten equations. 66 The generation of 5,10-methyleneTHF (CH2F) through MTHFD1 (last step only) and SHMT are described by first-and second-order Michaelis--Menten functions, respectively.
where V max,MTHFD1 = 594,000 μM h −1 , K m,CHF = 10 μM 73 (CHF = 5,10-methenylTHF); parameters of the second equation are: V max,SHMT = 5200 μM h −1 , K m,THF = 50 μM and K m,Serine = 600 μM.
66,73-80
Also described is the nonenzymatic generation of 5,10-methyleneTHF by the condensation of formaldehyde (HCHO) and THF (K 1 = 0.03 μM −1 h −1 ), 75, 81 adopting a bimolecular kinetics (i.e., two reactants yielding to a singular product).
However, the physiological significance of this spontaneous reaction is probably negligible, as free formaldehyde concentrations are low in the bulk solvent (reaction velocity is proportional to the reactant concentrations), and there are numerous biological amines other than THF that can be modified by formaldehyde. The binding affinities of formaldehyde with THF and other biological amines have not been explicitly modeled and the propensity of the nonenzymatic reaction is simply described by the kinetic parameter. Despite this simplification, outcomes of the Reed et al. 66 model indicate that reaction velocities mediated by MTHFD1 and SHMT are much faster than the nonenzymatic reaction, reflecting its trivial contribution to the formation of 5,10-methyleneTHF.
Example 2: Modeling Mitochondrial Deoxyribonucleotide Biosynthesis
Deterministic models of mitochondrial deoxyribonucleotide metabolism and mitochondrial DNA (mtDNA) replication have been valuable in identifying gaps in knowledge of nucleotide and DNA synthesis and stimulating research to address these gaps. [82] [83] [84] Poovathingal et al. 85 estimated through a stochastic model that mtDNA turnover rates in the order of months are the most consistent with published mtDNA mutation levels. Similarly, in silico experiments revealed a gap between the contributions of deoxyribonucleoside synthesis from salvage pathway relative to the levels of deoxyribonucleotides required for mtDNA replication. 82 Computational models have revealed that the activities of mitochondrial nucleotide salvage enzymes are inadequate to support mitochondrial DNA replication and that instead, other sources of deoxyribonucleosides are essential. These findings have been partially corroborated by the recent identification of a dTMP biosynthesis pathway in mammalian mitochondria 29 and other studies identifying mitochondrial nucleotide transport proteins. PNC1 (pyrimidine nucleotide carrier) transports a variety of metabolites, with a preference for UTP. 86, 87 Import of radioactively labeled dTMP from cytoplasm to mitochondria 88 and a preference for the active transport of dCTP 89 have also been observed. However, tissue specificity of dNTP pools, 90 deoxynucleotide transporters, 87 and enzymes involved in the salvage pathway 90 have been revealed, which limits the ability to generalize the model to describe mtDNA turnover and regulation of deoxyribonucleoside pools in different organs. For example, the model proposed by Gandhi and Samuels assumes equal concentrations for all four deoxyribonucleotides, failing to capture the peculiar conditions of muscle and liver in human. 82 Cells from these organs have high amounts of mtDNA and intense mtDNA turnover. However, muscle are characterized by lowest dTTP pool and liver by lowest dGTP pool, making their cells especially vulnerable to mutations in TK2 (mitochondrial thymidine kinase 2) and DGUOK (deoxyguanosine kinase), respectively. Experiments with perfused rat heart have not identified any de novo synthesis of deoxyribonucleosides in mitochondria, 91 questioning whether mitochondrial salvage enzymes can be considered inadequate across all tissue types. Moreover, the model has been constructed by considering a constant nucleoside concentration of 0.5 μM, 92 a level that is 50-fold lower than estimates found in the literature 93 and one that leads to a conclusion that the salvage pathway plays a minimal role in mtDNA synthesis in all tissues. These examples illustrate the impact of tissue-specific differences in biological pathways that can limit the generalizability of the model to other species or cell and tissue types.
Example 3: HCY Metabolism
The HCY metabolism in the cytoplasm is among the most refined pathways within models of FOCM. The most updated model provides an explicit spatial description, accounting for the subcellular distribution of folate pools and the influence of other FOCM pathways localized in mitochondria. 66 The FOCM model was extended to include the transsulfuration pathway and glutathione transport into the blood, providing an important link between cellular metabolism and blood biomarkers. Furthermore, the FOCM network in the cytoplasm, including the HCY remethylation pathway, has been shown to be connected through the activity of MTR, and also display 'long-range' interactions [e.g., MTHFR and GNMT (glycine N-methyltransferase) are inhibited by SAM and 5mTHF, respectively; CBS (cystathionine β-synthase) is activated by SAM] that contribute to the maintenance of stable SAM levels and therefore stable DNA methylation rates in the face of fluctuations in MET input. 70, 71 MTHFR catalyzes the NADPHdependent conversion of 5,10-methyleneTHF to 5mTHF. MTHFR reaction velocity has been modeled with a second-order Michaelis-Menten equation (V max,MTHFR = 5300 μM h −1 , K m,CH2F = 50 μM, and K m,NADPH = 16 μM; see Refs 74, 94, and 95) with NADPH concentration assumed to be constant (50 μM). 66 The binding of SAM to MTHFR leads to an allosteric inhibition of the enzyme that has been derived by nonlinear regression of experimental data. 96, 97 The inhibition factor has no effect (i.e., it equals 1) when the MET concentration in the blood is 30 μM.
The reaction catalyzed by GNMT generates sarcosine from glycine, using SAM as methyl donor. 
In case of a decline in the SAM concentration, the stabilization of the DNA methylation rate emerges from a complex mechanism of action, which involves MTHFR, GNMT, and DNMT. The decline of SAM releases the inhibition of MTHFR, thus determining an increase in the 5mTHF. The raise of 5mTHF inhibits GNMT activity. With the inhibition of GNMT, DNMT becomes responsible for the largest fraction of flows from SAM to SAH. Thus, even though the total flux from SAM to SAH is lower, the prevalence of DNMT activity buffers the consequences of the SAM decline on the DNA methylation reaction rate. This description provided by deterministic models of FOCM matches the hypothesis of Wagner et al.
The FOCM was also shown to influence glutathione metabolism by modulating CBS activity, and a recent application described interconnections that link the MET cycle to glutathione metabolism, which can result in paradoxical responses of glutathione-related biomarkers in the blood. 101 The model of Martinov et al. describes how elevated rates of HCY remethylation and high MET concentrations stimulate transsulfuration to remove excess MET through its conversion to cysteine. 65 The model also describes how impairments in the MET cycle, resulting from deficiencies in key enzymes such as CBS and GNMT, and connections to transsulfuration pathway and polyamine biosynthesis can explain elevations in plasma HCY levels and other related biomarkers in cancer and other pathologies. 67, 102 The mathematical model of glutathione metabolism in hepatocytes 66 represents the most advanced effort to simulate the dynamics of the folatemediated FOCM; it has been developed extending specific models on folate 62 and MET cycles, 63, 65, 67 highlighting connections with the transsulfuration pathway and exploring the role of oxidative stress on enzyme regulation. It includes regulatory mechanisms involved in the transsulfuration pathway, and can predict the consequences of oxidative stress on the metabolic profiles associated with Down syndrome and autism. Oxidative stress has been modeled in terms of H 2 O 2 concentration. Under more oxidative conditions, the inhibition of the enzymes MTR and betaine-homocysteine methyltransferases (BHMT) is predicted, whereas CBS and GCS (γ -glutamylcysteine synthetase) are activated. 65, 103 Oxidative stress and overexpression of the CBS gene characterize individuals with Down syndrome. 104 The increase in CBS activity deprives the MTR reaction of HCY and promotes the accumulation of its other substrate, 5mTHF. 105 Oxidative stress also impairs MTR activity, limiting the conversion of 5mTHF to THF. The concurrent effect of oxidative stress on CBS and MTR, combined with the irreversible kinetics of the 5mTHF synthesis, make 5mTHF accumulation particularly severe (methyl trap). The methyl trap compromises the generation of THF, a fundamental active form of folate that is required for purine and dTMP biosynthesis. 106 This mechanism has been suggested by the outcomes of a deterministic model 66 and might help to explain functional folate deficiency in spite of normal levels of folate and vitamin B 12 in the blood. Using a similar approach, Reed et al. 71 and Nijhout et al. 107 modeled the complex interplay between nutrition and genetics (e.g., gene polymorphisms and vitamin deficiencies regulating enzymatic activities) on the dynamics within the FOCM network. The catalytic activity of SHMT can be affected by vitamin B 6 deficiency 108 (modeled as lower V max ) and changes in gene expression (which alter both enzyme activity and binding affinity; these have been modeled as lower binding capacity with respect to 5mTHF). 107 In the case of vitamin B 6 deficiency, the inhibition of the SHMT1 activity resulted in almost no changes in serine and glycine levels, despite that SHMT interconverts both of these metabolites. This is consistent with the lack of substantial deleterious effects observed in case of SHMT knockout in mice. 109 The most responsive target affecting serine and glycine concentrations, in case of vitamin B 6 deficiency, is GDC in the mitochondria. This is because high reaction rates are required for sustaining the GDC-catalyzed reaction of glycine synthesis. 110 SHMT overexpression and knockdown have consequences on the intensity of the tight inhibitory binding of 5mTHF to SHMT.
21,25
When the SHMT concentration increases, 5mTHF is sequestered, 21,27 thereby inhibiting MET synthesis in a glycine-independent manner. The decrease in the propensity of HCY remethylation to MET leads to lower levels of SAM. 107 Consequences of SHMT overexpression on the fate of 5,10-methyleneTHF are still under debate. It is likely that pathways for HCY remethylation and dTMP biosynthesis escape any competition mechanism. This might be proven by the preferential enrichment of SHMT-derived 5,10-methyleneTHF into dTMP, an outcome resulting from the cell cycle-dependent nuclear localization of SHMT, TYMS, and DHFR.
14 Also vitamin B 12 deficiency and the common polymorphism in human MTHFR gene (677 C→T) reduce FOCM performance. Vitamin B 12 deficiency impairs MTR reaction velocity. Because the MTHFR-catalyzed conversion of 5,10-methyleneTHF to 5mTHF is essentially irreversible, loss of MTR activity due to vitamin B 12 deficiency (or genetic mutation) leads to a functional folate deficiency (i.e., a folate methyl trap). Deterministic models of FOCM described this effect by reducing the V max of the reaction catalyzed by MTR.
62, 63 As reported in the literature, 111 a raise in the concentration of 5mTHF results in hypomethionemia and homocysteinuria. The genetic variant in the gene MTHFR (677 C→T) has been associated with a decrease in the activity of the enzyme MTHFR. 54, 56 Simulations tested the consequences of this genotypic change, predicting an increase of HCY and a decrease in the concentrations of SAM and 5mTHF. 71 These results are comparable with patterns identified for MTHFR genotypes in human populations. 112, 113 Reed et al. 71 suggested that the consequences of a loss of MTR activity (methyl trap) can be partly mitigated by the concurrent presence of a gene polymorphism which reduces MTHFR activity, a hypothesis that should be further validated by clinical data. These models provide a fairly simple but effective tool to estimate metabolic fluxes. The Michaelis-Menten equations and their parameters (V max and K m ) capture the dynamics of folates and glutathione metabolites with a standard mathematical notation, independent of the underlying mechanisms which are now known to include an intricate set of phenomena (e.g., formation of complexes and translocation to different cellular compartments).
Example 4: Formation and Regulatory Properties of SAM and SAH
The conversion of MET to SAM is catalyzed by the activities of MET adenosyltransferase enzymes MAT I, MAT II, and MAT III, which function to generate the essential cofactor required for cellular transmethylation reactions. SAH is a product of the methylation reaction, and functions as an effective inhibitor of SAM-dependent methylases. 53 Therefore, the SAM/SAH ratio is often referred to as the cellular methylation potential. SAM is the link to three metabolic pathways: polyamine synthesis, transmethylation, and transsulfuration. In all cells, SAM is the principal methyl donor for transmethylation reactions, but liver plays a crucial role in its homeostasis, as it is the major site for SAM synthesis and degradation. 114 It is estimated that 85% of all methylation reactions occur in the liver and up to half of the MET dietary intake is converted to SAM by hepatocytes. 115 As much as 48% of MET metabolism occurs in hepatocytes and MAT1A is specifically expressed in adult liver. 116 Upon malignant transformation, hepatocytes cease to express MAT I and MAT III and induce the expression of the MAT II isoenzyme. 67 The shift toward a MAT II enzyme contributes to reduced SAM content and stimulates DNA synthesis, offering a growth advantage to liver cells. 117 The MAT2A gene encodes for MAT II, an isoenzyme expressed in extrahepatic tissues and in the fetal liver, where it is progressively replaced by MAT1A during development. 118, 119 Although MAT isoenzymes catalyze the same reaction, they differ in their kinetic parameters and are differentially regulated by SAM. 114 Lowest K m Michaelis constant values are associated to MAT II, whereas the highest are exhibited by MAT III. SAM has a minimal inhibitory effects on MAT I, stimulates MAT III 120 and elicits the strongest influence by its inhibition of MAT II. 121 Upon malignant transformation, hepatocytes experience significant changes due to suppression of GNMT (see above, an enzyme that regulates the cellular methylation potential in the liver) and MAT I/III expression paralleled by induction of the MATII isoenzyme. 122 Prudova et al. 67 used the Hill equation to model the MAT II reaction velocity and to consider inhibition by SAM.
The dimensionless value of 0.76 stands for the Hill coefficient, and K i,SAM = 50 μM 120 quantifies the inhibition effect of SAM on the reaction velocity; V max,MATII = 507 μmol h −1 L −1 (of cells) and K m,MET = 4 μM. 120, 123 SAM is also known to regulate other enzymes involved in HCY metabolism that influence flux through the HCY remethylation pathway. Mathematical functions describing the inhibition and activation by SAM have been derived from experimental data and/or estimated from the literature. For example, CBS catalyzes the conversion of HCY and serine to cystathionine, a reaction that is regulated by SAM levels. The reaction catalyzed by CBS is modeled with a second-order Michaelis-Menten equation, and its velocity modified with a scaling factor that considers SAM and SAH activation. The first part of the equation refers to a second-order Michaelis-Menten function with V max,CBS =700,000 μM h −1 , K m,HCY = 1000 μM 124 and K m,Serine = 2000 μM. 125 The second term relates to the allosteric activation by SAM and SAH. Allosteric activation by SAM and SAH has been derived from the literature. 126, 127 Among the assumptions used in the model, the function was scaled such that it equals 1 in case of steady-state conditions (i.e., when the model is at equilibrium), which occurs when the MET concentration in the blood is 30 μM (SAM = 81.1 μM and SAH = 19.1 μM). Deterministic models suggest that a decline in SAM reduces CBS activity, leading to a shift toward HCY remethylation. 63, 65, 67, 71 However, no effect of SAM deficiency was observed experimentally in rat liver 128 questioning the relevance of the allosteric stimulation.
Models of FOCM also take into account the role of SAM as a substrate for polyamine biosynthesis. Cells preferentially use SAM to produce polyamines, at the expense of transmethylation reactions. When later stages of polyamine biosynthesis are inhibited, decarboxylated adeonosylmethionine (dcSAM) accumulates, and elevated levels of dcSAM maintain polyamine synthesis by inhibiting methylation, and therefore alternative uses of SAM. [129] [130] [131] As in the case of FOCM, mathematical models on polyamine biosynthesis have been developed 132, 133 ; the authors emphasized the importance of the bottomup approach allowed by mathematical models for discriminating the role of the different components of polyamine metabolism on their homeostasis. The complex regulation at transcriptional, translational, and metabolic levels, consequences of genetic and environmental perturbations, and relationships with other metabolic pathways, preclude crude analysis of reaction pathways of polyamine metabolism and reliance on in vivo experiments. Mathematical models permit regulatory patterns that are specific of the polyamine metabolism to be distinguished from contributions of other processes with which it closely interacts.
These examples illustrate the complex set of interactions that characterize FOCM, and the necessity to include all regulatory features in the model. Michaelis-Menten equations represent the backbone for describing most of the reaction velocities, but are not sufficient to capture the dynamics of the system including feedback and feedforward signaling by metabolites. Such interactions are common and, besides the activation of CBS by SAM and SAH, additional terms are required for considering long-range effects and allosteric controls on other enzymes 63, 66, 70 : BHMT is inhibited by SAM and SAH; GNMT is inhibited by SAH and 5mTHF; MAT I is inhibited by SAM and glutathione disulfide; MAT III is activated by SAM and inhibited by glutathione disulfide; and MTHFR is inhibited by SAM, while SAH competes with SAM preventing its inhibitory effect. Knowledge of the intracellular concentrations of these regulatory metabolites can be limiting, requiring assumptions that may or may not reflect the in vivo state.
LIMITATIONS OF DATA DERIVED IN VITRO AND GAPS IN UNDERSTANDING OF THE BIOLOGICAL MECHANISMS THAT REGULATE FOCM
The availability of reliable and consistent data is one of several major limitations to modeling FOCM. Specifically, the availability of single source kinetic and metabolic data and gaps in understanding of the biological mechanisms that regulate FOCM need to be addressed.
Availability of Single Source Kinetic and Metabolic Data
The construction of FOCM models requires existing literature to provide a coherent set of kinetic parameters and metabolite concentrations. However, there can be wide ranges of variation in the Michaelis-Menten parameters published for a given enzyme, and there is always uncertainty regarding the accuracy of kinetic parameters that are obtained in vitro to describe activity in vivo. Many of the kinetic parameters reported in the literature are obtained from recombinant enzymes and can fail to capture in vivo dynamics (e.g., the in vitro conditions may not reflect the cellular environment adequately, affecting enzyme conformation, modification, and activity). This is important because in addition to equation structure, kinetic parameters can also impact model outcomes. Existing FOCM models mainly rely on literature data, which raises concerns of consistency. Rarely are kinetic constants obtained from the same organism, organ, tissue, and cell culture. Mathematical models of FOCM are focused primarily on enzymes that are mainly expressed in the mammalian liver cells because of the availability of data. [65] [66] [67] 71 Nijhout et al. 62, 70 defined the structure of the folate cycle in cytoplasm based on the scheme described by Wagner, 134 whereas the MET cycle modeled by Reed et al. 63, 71 referred to the set of reactions sketched by Martinov et al.. 65 Although the choice of data from several mammalian species (human, rat, and mouse) confers a degree of robustness, it simultaneously poses serious concerns regarding generalizability of the findings to other organs, including blood. There are numerous other examples of tissue-specific differences on FOCM. The conversion of 10-FormylTHF to THF and carbon dioxide is catalyzed by a liverspecific 10-formylTHF dehydrogenase, 135 and the folate-dependent catabolism of histidine occurs in only a few tissues such as liver and kidney. 136 Pathologies associated with polymorphisms in folate metabolism and impaired B vitamin intake tend to exhibit tissue specificity, including colorectal carcinogenesis [137] [138] [139] and neural tube defects, 140 and models based on liver architecture may not accurately describe FOCM in these systems.
Compartmentation and Channeling in FOCM
The recent advances in understanding the cell biology and biochemistry of FOCM present challenges for existing deterministic models, which are based on the assumption that the de novo synthesis of purines, dTMP, and HCY remethylation all compete for a common pool of folate cofactors in the cytoplasm. As reviewed in Section Pathways and Their Subcellular Localization, ongoing research is indicating that these pathways are isolated both temporally through cell cycle, and spatially through the formation of multienzyme complexes. These findings require new parameters to be included into models of FOCM, and/or can fundamentally challenge the assumptions upon which deterministic models are based. For example, Michaelis-Menten constants often do not apply to enzymes present in complexes where the spatial localization of all the protein subunits can affect the kinetics of their activity (e.g., sigmoidal dependence of reaction velocity on substrate concentration displayed by allosteric interactions, see Ref 141) . The colocalization of multiple enzymes can shape the active sites, allow allosteric cooperativity, provide an additional level of signaling or regulation, and permit channeling of intermediates during an enzymatic turnover. 142, 143 The formation of complexes can increase the stability and improve the functionality of monomeric enzymes 144 thus requiring novel mathematical formulations for representing the mechanisms of action. Furthermore, estimations of cellular metabolite concentrations, including their enrichment in subcellular compartments (e.g., cytosol, mitochondria, nucleus) can be challenging or impossible, 145 and their mode of transport (active or passive) and the associated kinetics may not be well characterized. Knowledge of the details of a specific transport mechanism can permit accurate modeling of the interaction between compartments, but increases the complexity of the system in terms of number of reactions or differential equations (depending on the modeling approach used), which may turn into a higher computational complexity when integrating the system. More commonly, one is able to fit experimental data assuming either an abstract limited capacity communication channel standing between two separated volumes, and therefore approximating its kinetics (v t = actual transport velocity) by setting a maximum transport velocity (V max ), e.g., using a (firstorder) Michaelis-Menten expression (K m = Michaelis constant value; [A] = substrate concentration),
or the unbounded exchange of material, using a simple linear rate of transport (K t ).
These are the approaches used by Reed et al. 66 for their model. However, it is often hard to correctly predict the trends of metabolite concentrations over time without taking into account their involvement in reactions occurring in physically separated cellular compartments that continuously exchange material and consequently have a certain degree of inter-dependence. 145 Different transport mechanisms require that the appropriate kinetics be applied, and therefore knowledge of the details of a specific transport mechanism are needed to precisely model the interaction between compartments. This comes at the expense of (1) details of the process, which are not always available and (2) the complexity of the system, which may turn into a higher computational complexity when attempting to simulate the dynamics.
Local metabolite concentration gradients can be generated in the cell, and thereby create additional challenges to mathematical modeling. Mitochondria are crucial for the functioning of FOCM in the cytoplasm and nucleus, as they exchange serine and glycine with the cytoplasm and are an essential source of formate for cytoplasmic and nuclear FOCM. In some cases, mitochondria may be enriched near the nucleus. 146 Serine and glycine are exchanged between cytoplasm and mitochondria; their ratio can not only regulate the production of formate in the mitochondria but also affect the reaction catalyzed by SHMT in the nucleus. Better understanding of formate, serine, and glycine fluxes and their transport into subcellular compartments is needed, especially for nuclear FOCM where the current dogma assumes they are freely exchanged based on nuclear pore sizes. 15 Compartmentation also requires consideration of protein modifications and the role of essential but nonenzymatic functions in the model. Although the enzymes that constitute the de novo dTMP synthesis pathway are present in the cytoplasm, the pathway is not active until it translocates into the nucleus at S-phase. 9, 15, 25 Modification by SUMO enables the localization of three enzymes in the nucleus (TYMS, SHMT, and DHFR), and the efficiency of this process can determine total de novo dTMP synthesis capacity.
25 Existing deterministic models do not capture contributions of folate-dependent enzymes to FOCM outside their kinetic role within metabolic pathways. For example, SHMT has been shown recently to be essential for nuclear de novo dTMP synthesis, yet does not make major contributions as an enzyme catalyst to the biosynthetic pathway. Rather, SHMT plays an important role as scaffold protein that is essential for the assembly and stability of the metabolic pathway at the nuclear lamina 9 while MTHFD1 provides most of the 5,10-methyleneTHF required for TYMS activity. 9, 21 Furthermore, the histone demethylase KDM1 interacts with SHMT and may also provide 5,10-methyleneTHF for de novo dTMP synthesis. Modeling the interplay among the three enzymes capable of generating 5,10-methyleneTHF is key for understanding the regulation of FOCM in the nucleus and its consequences on dTMP synthesis. 9, 10, 14 The model developed by Reed et al., 66 while not currently describing the role of the nucleus in de novo dTMP biosynthesis, does consider the pathway with the assumption that it functions in the cytoplasm and mitochondria. In their model, except for a small initial transient phase, almost all of the 5,10-methyleneTHF are generated by MTHFD1, whereas SHMT removes 5,10-methyleneTHF (and glycine) to produce THF (and serine). Although this model does not accurately account for compartmentation and metabolic complex formation, it does nonetheless correctly identify the importance of MTHFD1 in generating 5,10-methyleneTHF (through a three-step reaction which starts from THF and mitochondriaproduced formate) for de novo dTMP synthesis, but fails to account for the essentiality of SHMT in determining de novo dTMP biosynthesis capacity in its scaffold role in complex formation and the directionality of the reaction. This model was tested in light of current knowledge of nuclear compartmentation of the de novo dTMP biosynthesis, including its ability to illustrate the scaffold function of SHMT in the nucleus, and its ability to supply one-carbons to TYMS in case of MTHFD1 knockout (the reduced activity of the trifunctional enzyme has been simulated by decreasing the V max of the reactions catalyzed by MTHFD1). Under these circumstances, the direction of the reaction catalyzed by SHMT is reversed (i.e., we observed a contribution of SHMT in producing 5,10-methyleneTHF). Although conceived for the cytoplasm and crudely based on Michaelis-Menten kinetics, the equations used by Reed et al. 66 to model de novo dTMP biosynthesis are robust enough for capturing a realistic dynamics in the nucleus. However, the model does not account for the presence of folate-cofactors in the nucleus, the impact this has on rates of de novo dTMP biosynthesis in the nucleus, or the impact of folate cofactors localizing to the nucleus in HCY and glutathione biosynthesis. 66 Similarly, there is increasing evidence that de novo purine nucleotide biosynthesis is spatially and temporally isolated from both dTMP biosynthesis and HCY remethylation due to the formation of a complex referred to as purinosome 147 in G 1 . 14, 16 This complex is composed of six enzymes, and the pathway may not be functional until the purinosome is established. This raises questions regarding the mechanism of 'delivery' of folate cofactors to the metabolic complex, as current deterministic models assume the THF cofactors are delivered to enzymes by diffusion rather than by trafficking folate to the complex. Interestingly, MTHFD1, the enzyme responsible for generating 10-formylTHF, is not present within the purinosome. 17 However, methenylTHF synthetase (MTHFS), an enzyme that binds 10-formylTHF tightly 16, 148 colocalizes with the purinosome, and has been proposed to deliver the chemically labile 10-formylTHF cofactors to the activities of GAR and AICAR. 16 Posttranslational modification by SUMO is required for localization to the purinosome, and reductions in MTHFS expression exhibit nearly proportional decreases in de novo purine nucleotide synthesis. 16 Neither folate channeling nor protein-mediated trafficking of folate cofactors are considered in existing deterministic models of FOCM. 66, 71 Rather, they adopt secondorder Michaelis-Menten reactions to describe both the activities of GAR and AICART, which has consequences on the structure of the model.
OPPORTUNITIES FOR STOCHASTIC MODELING OF FOCM
The two most common approaches to simulating the behavior of a biological system are deterministic and stochastic modeling. The former relies on the formulation of the model through coupled ODEs (reaction rate equations, RRE) that describe each step in the pathway and the associated changes in metabolite concentrations (continuously) over time; the solution provides a unique, single trajectory. This approach accounts for the number of reactions occurring per unit of time and supplies solutions, which can be reliable and accurate numerical values of the system outputs and the concentration of intermediates in the system that is being modeled. Clearly, when considering small numbers of molecules, it becomes more and more evident that the deterministic approach is a simplification, as it is known that reactions involve a discrete number of reactants (molecules), and they occur randomly at discrete time points, so the system is expected to exhibit some variability in its behavior from one experiment to the other. Furthermore, the combinatorial complexity of the system might rapidly become a limiting factor for the deterministic modeling process. 149 From the dynamics point of view, it is quite clear that small alterations of some key parameters of the reactions may alter the steadystate concentrations of some metabolites, or even lead to unexpected behavior. This is both because of the high nonlinearities in the terms defining the velocities of each single reaction (see the examples in the previous section) and because of the dense network of interactions that could hide unpredictable long-term consequences. Consequently, accuracy in measuring or estimating kinetic parameters of the enzymes and metabolites involved in the pathway are often key requirements for obtaining a model with which perform in silico experiments and predictions.
On the other hand, one can assume that the system is well-stirred, ignore the exact position and velocity of each molecule, so that the propensity function of a reaction is proportional to the probability for that reaction to occur in the next infinitesimal time step. On the basis of these assumptions, Gillespie 150 derived a simple method, often referred to as the 'Stochastic Simulation Algorithm' (SSA), which samples a trajectory from the set of all the possible evolutions of the system by selecting and executing one reaction at a time. This model captures the variability of the system behavior, which is especially relevant when low reactant populations are involved and the system architecture contains uncertainties and is assembled with incomplete knowledge, including variables such as regulation, substrate channeling, and compartmentation. The stochastic regime also allows for different modeling strategies to be included other than the simple fixed-entities and fixed-reactions representations that are characteristic of (reactionbased) deterministic models. Stochastic modeling can provide a more useful approach to describing complex systems for which there is no prior knowledge of all the reactants and their precise concentrations, and reactions and their regulation. Molecules are permitted to assume different configurations and/or assemble in more or less complex structures following general 'rules' (as opposed to more specific reactions) that allow for the evolution of groups of species and partial complexes 151 so to obtain a compact description of the dynamics. When dealing with a twosubstrate enzyme, for example, only three interactions need to be modeled: the binding/unbinding of the two substrates S1 and S2 to the enzyme E, and the formation of the product P once both substrates are bound. In terms of differential equations, instead, there are seven quantities to be represented (namely E, S1, S2, E:S1, E:S2, E:S1:S2, P; consider that E:S1 and E:S2 represent configurations where the substrates are bound with the enzyme, while E:S1:S2 consists of the enzyme bound with both of the substrates prior their conversion into the product P). In the case of FOCM, modeling the formation of multienzyme complexes, or even the activity of multisubstrate enzymes, could take advantage of this paradigm. If we take, for example, the case of the multifunctional enzyme MTHFD1, its action can be modeled through two folate binding sites 5 : the first one performing the dehydrogenase and cyclohydrolase activities; the second being the synthetase domain. Given that each enzyme has the necessary binding affinities for all the substrates, one direction of the folate transformation (the one we are interested in the most in FOCM, THF By using a rule-based description of the different interactions, instead, only the binding/unbinding/synthesis events (for each of the three substrates) need to be represented for a total of nine rules (Figure 4 ). This is not just a twofold reduction in the model complexity (indeed, more complex examples exist), but it allows the model to be written, read, edited, and updated more easily. Different implementations have been given for such rule-based modeling strategies (see for example, Refs 151-153) but it is clear that the simulation environment is best fit with a discrete-stochastic approach described above.
The performance of SSA approaches can be limited by the computational expense that increases as the number of molecules and reactions grows. However, efficient (although inexact) implementations of the SSA have been derived: τ -leaping methods 154, 155 perform multiple reactions at each step, allowing for much faster simulations. Furthermore, the stochastic approach may not be required for large numbers of molecules, because for such quantities the variability displayed by the system behavior, due to stochastic noise, is usually negligible compared to the observed quantities, which tend to match to the average (i.e., their time course is, practically speaking, deterministic). The inefficiency of any numerical method for the simulation of dynamic systems is often due to the presence of different time scales, with the fastest reactions requiring the simulation to proceed with small time steps. In biochemistry and molecular biology, such stiff behavior appears when species with very different concentrations are present in the system.
More recently, hybrid stochastic-deterministic simulation techniques have been developed 156 that correctly exhibit the stochastic behavior of the slower (less populated) time scales but rapidly move forward along the fastest (more populated) time scales.
SSA approaches can provide new and useful insights into FOCM, especially for all cases in which the rule-based approach might facilitate the phase of model construction and promote the more realistic representation of biological interactions (i.e., modeling the propensity of elementary binding/unbinding events involving enzymes and reactants, rather than abstracting the dynamics in terms of Michaelis--Menten equations). Stochastic approaches are useful for modeling reactions where assumptions of equilibrium, and metabolite and cofactor equilibration with the bulk solvent may not apply. Published FOCM (deterministic) models tend to address phenomena such as formation of complexes, inhibition and activation by using a simple mathematical description (i.e., Michaelis-Menten functions), and completing the model with additional terms, rather than describing the molecular behavior of multienzyme metabolic complexes, including their assembly, regulation, and unique metabolic behaviors. Although Michaelis--Menten approximations are an efficient tool for describing the intricacy emerging from complex formation and posttranslational modifications, they can fail to capture the correct dynamics because they rely on the assumptions that either (1) the enzyme has a high ( 1) dissociation constant or (2) substrates are present in a much higher concentration than enzymes. Future efforts could maintain the simple representation of Michaelis-Menten reactions but should focus on spatial (i.e., nucleus vs cytoplasm) and functional properties that cannot be elucidated from in vitro reconstitution experiments.
New FOCM models should also study the translocation between compartments. Hypothesis of diffusion and active transport in the communication between nucleus and cytoplasm should be tested. The involvement of enzymes in the formation of complexes, essential also for transferring metabolites through different compartments, calls for the need of considering the enzymes as model variables. Reed et al. 66 based their description of the cytosolic and mitochondrial dynamics on V max ; this means that enzymatic concentrations are included-'masked'-into V max values (V max is computed as the product of enzyme concentration times K cat -turnover number). The formation of a complex involving the SHMT enzyme and 5mTHF has been modeled by Nijhout et al., 107 under a deterministic context. They have added SHMT concentration as a model variable and studied the effects of its binding with 5mTHF; this example represents an almost unique attempt of modeling complex formation. We assert future FOCM models should express some enzyme activities as a function of their concentration, making evident the contribution of this term to V max . Similarly, Michaelis-Menten functions can account for the consequences of single nucleotide polymorphisms and food intake (e.g., the role of vitamins as cofactors), with these changes in enzymatic binding affinities reflected in K m values. 157 Rule-based modeling enables the explicit description of key processes in the de novo dTMP biosynthesis in the nucleus: (1) SUMOylation and nuclear import of SHMT, TYMS, and DHFR; (2) preferential inclusion of one-carbons from SHMT into the dTMP; (3) formate and 5,10-methyleneTHF transportation into the nucleus (i.e., freely exchange through pores vs active transportation mediated by a complex). This mechanistic description could help to (1) shedding light on the relative contribution of MTHFD1, SHMT, and KDM1 in the production of 5,10-methyleneTHF; (2) studying how different forms of folate can regulate the scaffold reactions; (3) identifying the more realistic mechanism of transport for the formate that is generated into mitochondria; (4) clarifying how formate levels can regulate maximal rates of de novo dTMP and MET synthesis in nucleus and cytoplasm (this should be analyzed together with the role of serine/glycine ratio in regulating the production of formate in the mitochondria). Furthermore, de novo purine biosynthesis exhibits controversial aspects that could be analyzed with a stochastic rule-based modeling approach. They involve the regulatory inhibition of the salvage pathway, the presence of a multienzyme complex called purinosome and the central role of MTHFS in its formation through the delivery of 10-formylTHF.
14, 16 Curto et al. 158 constructed a deterministic model on purine metabolism, highlighting the need of including SAM for a complete description; however, their focus on MET cycle, and connections to FOCM remained marginal. The understanding of the cell-cycle dependence of de novo purine biosynthesis calls for a rule-based strategy, in order to better integrate purinosome formation and 10-step reactions of de novo purine biosynthesis.
EXTENDING MATHEMATICAL MODELS TO IDENTIFY AND PREDICT BIOMARKERS OF IMPAIRED FOCM
Modeling of metabolic networks is a powerful approach to identify gaps in pathway components and their regulation, and allows a better understanding of cellular behavior in both normal and pathogenic states. In general, epidemiological studies refer to metabolites in terms of their blood concentrations, while mathematical models often describe concentrations in the cytoplasm. Extending these models to identify intermediates, including metabolites or genomic markers, whose levels change as a result of disease initiation or progression is critical for the discovery and validation of biomarkers that inform preventative, management, or therapeutic treatments, 66, 107 and to set dietary reference intakes for essential nutrients. 159 Modeling the connection between cellular and blood concentrations is of central importance for transferring knowledge from simulations to clinical applications. 101 The inherent flexibility of stochastic models permits the mechanistic explanation of unexpected patterns (e.g., changes in the biomarker concentration in the blood), an otherwise impossible perspective if multiple effects were lumped into the abstraction of Michaelis-Menten equations.
CONCLUSIONS
Deterministic models have been widely applied to represent the dynamics of metabolic networks. They make use of ODEs, listing all chemical species that could exist in a system and often relying on Michaelis-Menten equations to approximate reaction velocity. Deterministic models describe macroscopic behavior of biological systems and call for an explicit enumeration of molecular states and interactions. However, many cellular constituents (e.g., enzymes and metabolites) are present in small numbers, and significant fluctuations characterize processes as complex formation, posttranslational modification of enzymes, gene expression, and competitive phosphorylation of multiple sites in signaling proteins. Combining the stochastic approach with a rule-based representation can help (1) to model the intrinsic noise displayed by biological systems, (2) to address the limited flexibility of standard simulation methods for coarse-graining biochemical processes, and (3) to manage combinatorial complexity emerging from complex reactions that would otherwise be intractable. 149, 160 Trafficking of intracellular folates among compartmentalized metabolic pathways requires mechanisms to mobilize folate cofactors. Formation of complexes (e.g., purinosome to supply the labile form of 10-formylTHF to GAR and AICAR, in de novo purine biosynthesis), posttranslational modifications (e.g., SUMOylation of the enzymes involved in nuclear dTMP biosynthesis), inhibition of enzyme activity (e.g., tight-binding between 5mTHF and SHMT), and transportation of precursors through different cellular compartments (e.g., mitochondria-derived formate carried into the nucleus to support de novo dTMP biosynthesis) are some of the processes responsible for spatial and temporal compartmentation in FOCM. We argue that applying the rule-based approach would better address the combinatorial challenge posed by their modeling. Moreover, stochastic simulations would enable to elucidate the functioning of FOCM and its relationship to human health and disease. 
